1* Introduction • The Riemann curvature tensor has been studied in many different algebraic contexts. In particular, it can be formulated as a linear map R: A 2 V -> A 2 V, called the curvature operator, where V is a real ^-dimensional vector space and A 2 V is its associated space of bivectors.
The concept of bivector rank is reviewed in § 2. Our main result appears as Theorem 3.4 in § 3. The application to Riemannian geometry is given in §4. The reader is referred to [1] and [2] for background material in exterior algebra.
The author wishes to thank Professor Marvin Marcus for supplying an elegant proof for Theorem 3.4.
2* The rank of a bivector. The bivector space A 2 V is isomorphic to the space o(V) of linear maps V-> V which are skew-symmetric with respect to any fixed inner product on V. Namely, choose a basis e l9 , e n of V. Then for arbitrary a$Λ 2 V we have aΣcf'βi A e jf where the sum is taken either over 1 <; i < j <; n, or over i, j = 1, , n with the understanding that a βi = -a ίj (and the a ij are divided by 2). The linear map A: V~^ V defined by Aβi = Σcf'βj is skew-symmetric with respect to any inner product for which the basis e u --,e n is orthonormal. It is easy to check that if a different basis is chosen, the range of A still stays the same; hence, U a -A{V) is a uniquely defined subspace of V associated to a. The rank of a is simply the rank of such a corresponding linear mapieo(F), i.e., rank (a) = dim U a .
Note rank (a) = 0 means a = 0. Bivectors of minimal nonzero rank, that is, of rank 2, are called simple or decomposable.
We shall need some equivalent definitions of the rank of a, expressed in the context of Λ 2 V rather than o(V). These facts are summarized as follows. ] -n -1 or n (as n is odd or even), but it could be a smaller number. Let us say that a curvature operator R has bounded rank 2r if the image of each simple bivector has rank <^ 2r. This means that the range R(A 2 V) is contained in the union of the sets of vectors of ranks 2, 4, , 2r. Our purpose here is to give a characterization for curvature operators R of bounded rank2r.
Curvature operators of bounded rank 2 are those that map simple bivectors into simple bivectors, or in other words, preserve decomposability; they were studied in [3] and [4] . We first state some results concerning this special case. PROPOSITION 
// a curvature operator R has bounded rank 2, then it maps bivectors of rank 2r into bivectors of rank ^ 2r, for all r.
Proof. Consider a bivector a of rank 2r. By Proposition 2.1 (a) it can be written as a = x t A x 2 + * * + x 2r -x Λ x 2 r-Since R is linear, Ra = R(x 1 A x 2 ) + + i2(&2r-i Λ α 2 r). But each of these terms is a simple bivector; hence Ra -y t A y 2 + + y 2r -i Λ y 2r for suitable y lf "' 9 y 2 r^V. Now Corollary 2.2 implies that rank (Ra) ^ 2r. Now we return to the general case and state our main theorem, which is a generalization of Theorem 3.2. Let S r denote the symmetric group on r objects. , a; r+1> y l9 -, y r+1 e F and all real λ x , , λ r+1 , μ l9 , ^r +1 . The left side of (1) can be considered as an Λ 2{r+1) V-valued polynomial in the indeterminates X u , λ r+1 , μ lf , μ r+ι . Upon expanding and collecting terms, we find that the coefficient of \ * # Vfi/V m \+i is precisely the left side of equation (1) . But if a polynomial is identically zero, then all its coefficients must vanish. Therefore R(x A y) r+1 = 0 for all x f y e V implies (1). On the other hand, if (1) 
